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In red blood cells there is a cortical cytoskeleton; a two-dimensional elastic network of membrane-attached
proteins. We describe, using a simple model, how the metabolic activity of the cell, through the consumption
of ATP, controls the stiffness of this elastic network. The unusual mechanical property of active strain softening
is described and compared to experimental data. As a by-product of this activity there is also an active
contribution to the amplitude of membrane fluctuations. We model this membrane as a field of independent
“curvature motors,” and calculate the spectrum of active fluctuations. We find that the active cytoskeleton
contributes to the amplitude of the membrane height fluctuations at intermediate wavelengths, as observed
experimentally.
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I. INTRODUCTION

The red-blood cell �RBC� has a cortical cytoskeleton,
which is a two-dimensional network of cross-linked elastic
proteins that are attached to and cover the entire inner sur-
face of the cell membrane �1,2�. Such a cortical cytoskeleton
gives the RBC the elasticity to survive repeated deformations
�3�. The outstanding problem of understanding the physical
properties of the RBC cytoskeleton has been to reconcile the
measurements of the elasticity of the cell �3�, the observed
shapes of the RBC �4�, and the measurements of the dynamic
shape fluctuations of the membrane �5,6�. Our model at-
tempts to reconcile these observation by showing that they
follow naturally from our recently proposed mechanism of
active remodeling of the RBC cytoskeleton �7�. In this paper
we extend our recent theoretical modeling �7,8� and calculate
several additional features of the active cytoskeleton. �i� We
calculate the unique effect of strain-softening in this active
network. The active dissociations of the network can account
for the observed strain-softening of the RBC due to the dis-
sociated filaments spending a longer time disconnected when
the network is stretched. �ii� We then calculate the spectrum
of active fluctuations, where we find that these contribute to
the membrane height fluctuations at intermediate wave-
lengths, as observed experimentally.

The RBC cytoskeleton is a self-assembled network of
flexible spectrin filaments that are end-attached to node com-
plexes �Fig. 1�. On average approximately six spectrin fila-
ments attach to each actin node, mainly through the protein-
4.1 �1,9�, with a specific chemical affinity of order �7kBT.
The flexible spectrin filaments are much longer ��200 nm�
than the distance between the nodes that they connect
�R�80−100 nm, Fig. 1�a��, and can be treated as wormlike
chains with an average end-to-end distance of �10�:
R0�50−60 nm. Each filament behaves �for small deforma-
tions� as a Hookean entropic spring, with a spring constant of
�11�: k�20−40kBT /R2�1�10−5J /m2. At larger extensions
a semiflexible chain behaves nonlinearly, and exhibits strain
stiffening �12,13� and unfolding �14�. Note that the spectrin
filaments are additionally connected to the membrane
through the ankyrin-band-3 complex at random locations
along the filaments, in between the actin-band-4.1 complexes

at their ends �1�. It is the connections at the actin nodes that
determine the overall connectivity of the network, and there-
fore dominate in controlling its elastic properties. We will
therefore, also for simplicity of modeling, deal here with the
active processes occurring at the filaments ends alone.

The elasticity of such a two-dimensional network, at-
tached to the fluid bilayer, can be modeled as a static elastic
network, with fixed connectivity �4,11,15�. Nevertheless, ob-
servations of membrane fluctuations �6� led to the specula-
tion that ATP-induced phosphorylation of cytoskeleton pro-
teins induces an overall softening. More recently, numerical
simulations �4� recover the observed discocyte shape only

FIG. 1. A schematic illustration of our model of ATP-induced
spectrin dissociation. The main parts of the figure show a side view
of the RBC membrane, while the small parts show a schematic top
view of the triangular cytoskeleton network. �a� The fully connected
network, showing the balance between the stretched spectrin and
curved bilayer. �b� The dissociated spectrin releases its stored ten-
sion. The phosphorylated node is indicated by the empty circle.
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under the assumption that the cytoskeleton is able to relieve
itself of all internal stresses. This stress-release process was
attributed to an unspecified mechanism of cytoskeleton re-
modeling. While thermal dissociations in this network are
highly unlikely, our main proposal �7� is that the cytoskel-
eton is an active structure that is constantly being remodeled
by the consumption of ATP. Each ATP-induced phosphoryla-
tion of the protein-4.1 �16,17� causes a single spectrin fila-
ment to be dissociated from the actin node at one of its ends
�Fig. 1�b��. After each breaking event the proteins relax back
to their initial states and spontaneously reattach due to their
high specific chemical affinity.

II. ACTIVE STRAIN-SOFTENING

Let us first describe the elastic stiffness of the active elas-
tic network �cytoskeleton�. The transition rate from associ-
ated to dissociated spectrin is given by kdisnad where nad is
the concentration of adsorbed ATP at the phosphorylation
site �presumably at the protein-4.1� and kdis is the dissocia-
tion rate of spectrin when ATP is attached �zero otherwise�.
The adsorption of ATP to the phosphorylation sites at the
spectrin-actin junctions can be described by the equilibrium
occupation probability �7�, and from the experimental data
on the ATP-induced fluctuations �18� indicates that it satu-
rates �nad�1� at nATP� �1.5 mM, corresponding to normal
RBC.

The reassociation rate kreas depends on the relaxation pro-
cesses; the time it takes the protein-4.1 to return to its de-
phosphorylated state and the time it takes the free spectrin
end to “find” the node. The proportion of the time that the
spectrin end is dissociated is given by

ndis = kdisnad/�kdisnad + kreas� , �1�

which is the proportion of dissociated spectrin ends ndis.
Considering that there are two dissociation sites per spectrin
filament, the proportion of fully associated spectrin filaments
is given by n2a= �1−ndis�2, whereas the proportion of fila-
ments that are cut at both ends is n2dis�ndis

2 . We expect the
average shear modulus of the cytoskeleton network � to be
proportional to the fraction of fully associated filaments
��n2a �19�. This assumption means that we are restricted to
strain rates that are smaller than the rate of dissociation-
reassociation of cytoskeleton bonds �20�.

Note that at the critical percolation limit pc the shear
modulus of a static network vanishes �19,21�, while here the
spectrin filaments continuously reconnect, so that in the limit
of quasistatic shear we expect the linear relation between �
and n2a to continue to hold even above pc �7�. This situation
is typical of “dynamic percolation” �20�, whereby transport
of mass and momentum occurs across the system due to its
continuous renewals, even below the static percolation limit.
On the other hand, finite size active networks at high strains
and strain rates, may collapse �“melt”� due to the ATP-
induced dissociations, as was found in computer simulations
�22�.

The network is therefore softened by the effect of ATP-
induced dissociations. Indeed, the shear modulus of an intact
RBC �at physiological levels of ATP� is found to be approxi-

mately half that of the value for a cytoskeleton shell �no
ATP� �23�. Using this result we fit for the intact RBC
�nad�1� the value of the parameter ndis�1−1/�2�0.3,
while both kdis and kreas are not known at present.

The full phosphorylation of protein-4.1 was recently �17�
found to reduce the association of spectrin and actin, by a
factor of �2. As a consequence of this phosphorylation a
reduction in the rigidity was observed �17�, given by the
average breaking-up time in shear flow. The break up occurs
when the elastic deformation energy is greater than some
minimum energy Ec needed to create detached vesicles. As-
suming a simple spring elastic energy, the critical shear
stretching will therefore be given by �c��Ec /�, and since
the shear flow is kept constant, the time it takes to develop
such an elongation will be Tbreak-up�1/����. We therefore
predict that as the shear modulus gets reduced by a factor of
�2, the break-up time will be reduced by a factor of ��2,
which is in excellent agreement with the observation �17�.
These observations therefore support our model where the
phosphorylation of protein-4.1 controls the spectrin-actin
connectivity, which in turn determines the network stiffness.

So far we have described the linear elastic response of the
RBC cytoskeleton in the limit of small and uniform defor-
mations. A static network of flexible polymers, behaving as
wormlike chains, is expected to show a strain-hardening be-
havior for pure stretching deformations that are larger than
the linear regime �12,13�. Nevertheless, a significant strain
softening was observed in highly aspirated RBCs �24,25�,
which indicates that either the network connectivity or the
internal spectrin state �unfolding� is modified. The first of
these possibilities results naturally from our model, which
gives rise to a type of active-strain softening; When the net-
work is stretched the time it takes the dissociated spectrin
filaments to rebind is increased due to the longer path it has
to cover. We assume here that the stretching of the filaments
does not affect the rate of dissociations kdis.

If we take that the reassociation time increases with the
network elongation ���R /R0�: 	reas=1/kreas��
, the result-
ing network stiffness is given by

���� � �0���	1 +
	reas

	dis

−2

= �0����1 + �
�−2, �2�

where 	dis=1/kdis, and the strain hardening �13� is taken into
account by the shear modulus of the fully connected network
�0��� �inset of Fig. 2�. The result is plotted in Fig. 2, where
we fit the parameters such that the stiffness is normalized by
that of the unstretched cell. We get a very good agreement
with the data for stretched cells using 
=16/7 which is the
expected dynamics for the longitudinal fluctuations of the
free end of a semiflexible filament �26�. The excellent agree-
ment at high extensions ���2� must be taken as somewhat
fortuitous, since the strain stiffening �0��� was not calcu-
lated for such high extensions �13�. Note that the proposed
dissociations between the cytoskeleton and the lipid bilayer
�6�, do not change the overall network stiffness and therefore
do not explain the observed softening.

A similar effect of strain softening of the RBC network
was observed in shear flow �27�, where a lower overall
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spectrin-actin association was found as a function of increas-
ing shear, in accordance with our model. In that work it was
found that the spectrin tetramers break-up into dimers when
the cell is sheared. This may be the result of the more fre-
quent and longer spectrin-actin dissociations, since it is
known that the tetramers break-up due to entropy when the
filaments are not attached to the membrane �27�. The soften-
ing of RBC when they contain ATP should help them flow
more easily through narrow capillaries. This was indeed ob-
served as a correlation between the membrane height fluc-
tuations and the transition time of the cells through porous
filter �28�. More recently the cells were shown to behave in a
fluidlike manner inside narrow capillaries �22�. Future ex-
periments with ATP-depleted cells may probe the role of the
active strain softening we describe above in the observed
“fluidity” of the highly strained cells.

Note that we have analyzed above only quasistatic defor-
mations. As the deformation-rate increases the fact that
bonds are actually disconnected for a certain period of time
will become more noticeable, and the network may break-
down for a large enough shear rate �and ATP-induced disso-
ciation rate�. Such catastrophic “tearing” of the active net-
work under large shear rate is best studied by computer
simulations �22�.

III. SPECTRUM OF THE ACTIVE MEMBRANE
FLUCTUATIONS

Next we describe the effects of the network activity on the
spectrum of the shape fluctuations of the RBC �29�. We pre-
viously analyzed the active �ATP-induced� fluctuations of a
single cytoskeleton element �7�, and we wish here to go be-
yond the single unit cell and calculate the active fluctuation
spectrum.

The main effect of the cytoskeleton on the thermal fluc-
tuations of the membrane can be described phenomenologi-

cally �8� as an almost rigid shell that confines the amplitude
of the bilayer fluctuations, such that �h2��d�30 nm
�Fig. 1�a��. The coupling of a fluid bilayer to a solid �poly-
merized� membrane is more complex than this description,
as we later showed in a more rigorous calculation �30�, and is
still an open problem �31,32�. Within the phenomenological
model �8� the static fluctuation spectrum is given by

�hq
2� =

kBT

��q4 + �q2 + 
�
, �3�

where 
 represents the harmonic confinement potential of the
cytoskeleton and � is significant only for wavelengths longer
than those of a single cytoskeleton unit �8,33,30�. The data
for normal RBC �29� was described reasonably well using
the following elastic parameters �7�: 
�1−8�107 J /m4,
��5−12�10−7 J /m2, and ��2−6�10−20 J. The confine-
ment 
 due to the cytoskeleton, limits the average amplitude
of thermal fluctuations to d2=kBT /8��
��20−30�2 nm2

�8�. Note that the confinement by the cytoskeleton also af-
fects �slows down� the frequency of the membrane bending
modes �8,34,35�. The frequency of the bending modes of a
free membrane is given by �m�q�= ��q4+�q2���q�, where
�free�q�=1/4�q is the Oseen hydrodynamic interaction and
� is the viscosity of the surrounding fluid. In the confined
geometry we showed that the Oseen kernel is modified �34�;
�con�q�=�free�q�exp�−2qd� �−1+exp�2qd�−2qd−2�qd�2�,
such that in the limit of q→0 we now get

�con�q� → d3q2/3�, �m,0 → 
d3q2/3� . �4�

Within this model the effect of ATP on the thermal compo-
nent of the membrane fluctuations is through the changes in
the elastic parameters � and 
. Both these parameters are
linearly proportional to the average shear modulus � �34�,
and so are expected to change by up to a factor of �2 when
ATP is depleted and the cell shape changes to echinocyte.
The overall shape of the fluctuation spectrum should not
change significantly, beyond the rescaling of the amplitude.
The active component of the membrane fluctuations cannot
be described purely to arise from a change in the elastic
parameters, since it was shown to depend on the fluid vis-
cosity �36�, unlike thermal fluctuations. Below we shall de-
scribe the spectrum of this active contribution using a quan-
titative model, instead of the adhoc effective temperature
parameter used previously �8�.

The enhanced amplitude of the membrane fluctuations of
the normal cell is due in our model to the release of stored
tension in the spectrin filament and bilayer in each dissocia-
tion event. The ATP can induce in this manner membrane
height fluctuations, through repeated “pinching” of the mem-
brane by the cytoskeleton �Fig. 1�. Previously we considered
the active fluctuations of a single unit cell �7�, while here we
describe a uniform field of such active membrane units �37�.
We assume that the units are uncorrelated with each other,
and their on-site temporal correlations are given by a simple
shot-noise behavior, characterized by a single timescale 	
�37�. This timescale represents the duration of force produc-
tion, of magnitude F. Since the bilayer is fluid the
cytoskeleton-induced forces become uniformly distributed.

FIG. 2. Calculated strain softening of the RBC network shear
elasticity � as a function of the local elongation � �solid line� from
Eq. �2�, compared to the experimental data �squares �24��. In the
inset we plot the strain-stiffening of the fully connected network
�0���, as calculated in Ref. �13�.
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We shall consider two types of possible modes of ATP-
induced forces at the membrane; a direct force and a “curva-
ture motor,” that introduces a local, fluctuating, curvature in
the bilayer �37�. The curvature force produced by each active
cytoskeleton unit couples to the curvature �2h �37�, through
an active spontaneous curvature H=1/r induced in the mem-
brane by the “pinching” action of the cytoskeleton �Fig. 1�.
We estimated the force balance between the spectrin com-
pression and the membrane bending �7�, and found that
r�R�100 nm �Fig. 1�.

The amplitude of active fluctuations for such a model
�37�, is given by

�
h�q�
2�active,c = ��con�q�F�qr�2�2 n

2�m�q���m�q� + 1/	�
,

�
h�q�
2�active,d = ��con�q�F�2 n

2�m�q���m�q� + 1/	�
�5�

for the curvature and direct forces, respectively, and where
�m�q� is the temporal response of the confined bilayer �Eq.
�4��, n�ndis /R2 is the areal density of active membrane
units, where the probability of the unit to be in its “on” state
is given by the spectrin dissociation probability ndis, and
F�0.2 pN is the force of the cytoskeleton unit �7�. Since ndis
depends on the concentration of ATP, so does the amplitude
of the active fluctuations, as is observed experimentally �18�.

Since the active and thermal fluctuations are incoherent,
we have �
h�q�
2�total= �
h�q�
2�active+ �
h�q�
2�thermal, and we
plot both contributions in Fig. 3. Note that in the limit of
q→0 the active contribution vanishes, while it is most

dominant at intermediate q values. The peak contribution for
the curvature motor occurs roughly at q	 defined by
�m�q�=1/	, while the maximum of the direct-force occurs
roughly at qm��
 /��1/4 �Fig. 3�. The observed active con-
tribution to the membrane fluctuations is of the order of the
thermal component �7,18�, which using the pervious values
of the parameters gives us an estimate of the time scale
	�10−100 msec.

We expect from our model, using Eqs. �5�, that when the
RBC is depleted of ATP its rms membrane fluctuation am-
plitude at q→0 should be diminished by up to a factor of 2
due to the increase in the cytoskeleton elastic stiffness and
the subsequent reduction in the thermal fluctuations. The ac-
tive contribution should appear as a “surplus” amplitude at
intermediate q values, which may correspond to the observed
“jump” in the measured data �29� �Fig. 3�, which was previ-
ously described in terms of passive effects of the cytoskel-
eton �8,31,33�. We show here that this feature may be due to
the active fluctuations, and should therefore be smaller when
the ATP is depleted. From Fig. 3 it seems that the experimen-
tal data corresponds to our calculation for the curvature-
motor spectrum �Fig. 1�. Detailed comparison to high reso-
lution experimental spectrum �38� may allow us to determine
which mode of active membrane forces is appropriate for the
RBC.

Our model predicts that the mean-square amplitude of the
active fluctuations �Eqs. �5�–�7� below� are inversely propor-
tional to the viscosity of the surrounding fluid �. This behav-
ior has been measured by changing the viscosity using vari-
ous chemical agents �5,36�. Any specific chemical effect is
therefore unlikely, and these experiment give a clear sign of
active processes, since the amplitude of thermal fluctuations
�Eq. �3�� is independent on any dynamic quantities such as
viscosity.

For the sake of completeness we also give the active fluc-
tuations if the hydrodynamic confinement does not affect this
component. This may be motivated by the fact that the active
units are themselves forming the confining cytoskeleton and
their active dissociation may therefore be less affected. In
this case we replace in Eq. �5� the hydrodynamic interaction
function by �free�q�. The results are very different; In the
limit q→0 the amplitude of height fluctuations for the
curvature-motors approaches a constant, given by

�
h�q�
2�active,c →
3F2n	r4

32�
d3 . �6�

If we wish this active contribution to be of the order of the
thermal one, we fit 	�0.5−1 msec. By comparing Eqs. �3�
and �6� in the limit of q→0, we can define an “effective
temperature” of the active fluctuations �7,37�: �
h�0�
2�thermal

=kBT /
⇒kBTeff,c= �3F2n	r4� / �32�d3�, which gives the ob-
served Teff,c /T�1.5 �8,18� using 	�1 msec. For the direct-
force case the amplitude of active fluctuations now diverges
at q→0. The divergence in this limit coincidentally re-
sembles that of a free membrane �Eq. �3� for � ,
=0�, which
we can then use to define another effective temperature

FIG. 3. Static fluctuation spectrum of the membrane of a normal
RBC membrane �hq

2�: stars and circles �29�. The solid line is the
thermal component using Eq. �3�, dashed and dash-dot lines are the
active component of the curvature motor and direct force, respec-
tively, using Eq. �5�. A value of 	=50 ms was used in these calcu-
lations. Vertical dotted lines give qm �left� and q	 �right�,
respectively.
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�
h�q�
2�active,d=q→0
kBTeff,d

�q4

⇒kBTeff,d =
3�F2n	

32�
d3 �7�

which gives a numerical value close to that of Teff,c for the
curvature motor, since � /
�r4 �8�.

IV. CONCLUSION

We introduced a concept of a two-dimensional elastic net-
work that is actively being broken and reassembled, as oc-
curs in the RBC. Such active networks present an interesting
physical system, which goes beyond the domain of static
random networks. We show that the elastic properties and the
dynamic fluctuations of these networks are very different,
sometimes behaving in an opposite way, from their in-active
counterparts. Note that since the RBC is a complex system
there are other cellular mechanism that influence the elastic
strength and membrane fluctuations, which we have not con-
sidered here. Rather we wish here to emphasize the conse-
quences of the proposed activity of the cytoskeleton, for the
RBC case and in general.

Similar cortical cytoskeleton to that of the RBC exists on
the membranes of most mammalian cells and on the mem-
branes of internal organelles such as Golgi �39�. These cor-

tical networks are not always composed of spectrin, but of a
host of similar intermediate filaments �40�. We therefore ex-
pect all of these networks to be active as in the RBC case.
For example, non-RBC cells �41� also show marked stiffen-
ing, contraction and formation of spicules under ATP deple-
tion or Ca2+ loading, as was found for the RBC �7�. Under-
standing the inner workings of the active cortical
cytoskeleton may have implications for combating various
diseases, such as malaria in the case of the RBC �7,42�.
Furthermore, we expect that the activity of the cortical cy-
toskeleton will contribute to the observed membrane height
fluctuations in many cell types �43�, similar to what we cal-
culate here for the RBC.

Active networks may also be a useful engineering tool
when making biomimetic structures for drug delivery, biomi-
metic devices, and sensors. To make these scaffolds active an
energy source is needed of course, which inside the body
may be in the form of ATP. Future studies using better the-
oretical modeling, detailed simulations �22� and experiments
will allow a better understanding of the fascinating physical
properties of these active �living� networks �25,44�.
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